We discuss the relation between quivers obtained by the algorithm of Hanany and Vegh [7] and the derived category of coherent sheaves on toric varieties in the case of lattice parallelograms, emphasizing the role of algae introduced by Feng, He, Kennaway and Vafa [6] . We also discuss the homological mirror symmetry for some orbifolds of P 1 ×P 1 .
Introduction
This is a sequel to [14] , where we discussed the algorithm of Hanany and Vegh which associates a quiver with relations to a lattice polygon in the case of triangles. In this paper, we apply their algorithm to parallelograms, emphasizing the role of algae introduced by Feng, He, Kennaway and Vafa [6] . The main result in this paper is: Theorem 1. For a lattice parallelogram ∆ ⊂ R 2 , let P/I be the path algebra of the quiver with relations obtained by the algorithm of Hanany and Vegh, and X be the three-dimensional affine toric variety whose top-dimensional cone is generated by ∆×{1} ⊂ R 3 . Then for any projective crepant resolution Y of X, the derived category D b coh Y of coherent sheaves on Y is equivalent as a triangulated category to the derived category D b mod P/I of finitelygenerated right P/I-modules;
We also give a sketch of the proof of the homological mirror symmetry for orbifolds of P 1 × P 1 by finite subgroups of (C × ) 2 . The homological mirror symmetry is a conjecture proposed by Kontsevich [8] as a conceptual framework to understand mirror symmetry for Calabi-Yau manifolds. It was extended later by himself [9] to Fano manifolds, and has been proved in a number of cases [1, 2, 11, 13] . In this paper, we use the algae technology to reduce the homological mirror symmetry for orbifolds of P 1 × P 1 to that for P 1 × P 1 , due to Seidel [11] . Our result is: Theorem 2. Let A be a finite subgroup of (C × ) 2 acting naturally on P 1 × P 1 . Then there exists a symplectic Lefschetz fibration W : (C × ) 2 → C such that the derived category D b coh A P 1 × P 1 of A-equivariant coherent sheaves on P 1 × P 1 is equivalent as a triangulated category to the derived category D b Fuk → W of the directed Fukaya category of W ;
Algae for lattice parallelograms
A lattice parallelogram is a parallelogram in R 2 whose vertices belong to Z 2 . Any lattice parallelogram ∆ has the form
is an integer matrix such that det P > 0, P T denotes the transpose of P , and ∆ 1 is the convex hull of (0, 0), (1, 0), (0, 1), and (1, 1) . For such ∆, define its alga Alg(∆) as the image of the zero locus of Q(x, y) = x p+r y q+s + x p y q − x r y s + 1 by the argument map
(arg(x), arg(y)).
Note that the Newton polygon of Q coincides with ∆. Let Q 1 = xy + x − y + 1 be the polynomial corresponding to ∆ 1 . Its zero locus is P 1 minus four points obtained by gluing
along four intervals
If one orients T in the standard way, the argument map gives an orientationreversing homeomorphism from D 1 to U 1 and an orientation-preserving homeomorphism from D 2 to U 2 , and maps I 1 , I 2 , I 3 , I 4 to ( 1 2 , 1 2 ), ( 1 2 , 0), (0, 0), (0, 1 2 ) respectively (see Figure 1 ).
In general, the zero locus of the polynomial Q corresponding to ∆ = P T (∆ 1 ) is the inverse image of the zero locus of Q 1 by theétale map
Therefore, the alga of Q is the inverse image of the alga of Q 1 by the covering map T = R 2 /Z 2 → T induced by P ;
Alg(∆) = P −1 (Alg(∆ 1 )).
From algae to bipartite graphs
A bipartite graph on an oriented surface S consists of • a set B ⊂ S of black vertices,
• a set W ⊂ S of white vertices,
• a set E of edges,
• a map w : E → W , and • a continuous map l e : [0, 1] → S for each e ∈ E such that l e (0) = b(e), l e (1) = w(e), and l e (t) = l e ′ (t ′ ) for e = e ′ and 0 < t, t ′ < 1.
To the alga Alg(∆) of a lattice parallelogram ∆, one can associate a bipartite graph on T as follows: The discussion in the previous section shows that Alg(∆) is the union of a set
i=1 of open parallelograms and the set {I i } 4N i=1 of its vertices for some natural number N. For any i = 1, . . . , 2N, the restriction of the argument map to the inverse image of the parallelogram U i is a diffeomorphism, and we call U i white (resp. black) when this diffeomorphism is orientation-preserving (resp. reversing). Now put white (resp. black) vertices on the centers of gravity of white (resp. black) parallelograms and define the set E of edges of the bipartite graph as the set {I i } 4N i=1 of vertices of parallelograms. Note that the vertex I i for any i = 1, . . . , 4N is on the boundary of two parallelograms with different colors. For an edge e ∈ E, b(e) (resp. w(e)) is the center of gravity of the unique black (resp. white) parallelogram containing e in its closure, and l e is the line segment from b(e) to w(e).
From bipartite graphs to quivers
A quiver consists of
• a set A of arrows, and
For an arrow a ∈ A, s(a) and t(a) are said to be the source and the target of a respectively. A path on a quiver is an ordered set of arrows (a n , a n−1 , . . . , a 1 ) such that s(a i+1 ) = t(a i ) for i = 1, . . . , n − 1. We also allow for a path of length zero, starting and ending at the same vertex. The path algebra of a quiver is the algebra spanned by the set of paths as a vector space, and the multiplication is defined by the concatenation of paths;
(b m , . . . , b 1 ) · (a n , . . . , a 1 ) = (b m , . . . , b 1 , a n , . . . , a 1 ) s(b 1 ) = t(a n ), 0 otherweise.
A quiver with relations is a pair of a quiver and an ideal I of its path algebra. One can associate a quiver (V, A, s, t, I) with relations to a bipartite graph (B, W, E, b, w, (l e ) e∈E ) on the torus T obtained in the previous section as follows: The set V of vertices is the set of connected components of the complement T \ ( e∈E l e ([0, 1])), and the set A of arrows is the set E of edges of the graph. For a ∈ A, s(a) (resp. t(a)) is the connected component on the left (resp. right) of l a . For each arrow a ∈ A, there exist two paths p + (a) and p − (a) from t(a) to s(a), the former going positively around w(a) and the latter going negatively around b(a), and the ideal I of the path algebra is generated by p + (a) − p − (a) for a ∈ A. Figure 2 shows the quiver associated to ∆ 1 , whose ideal of relations is given by
(1)
5 The proof of the main theorem
The case of the conifold
The affine toric variety X 1 associated to the fan whose top-dimensional cone is generated by ∆ 1 × {1} ⊂ R 3 is described as follows: Let
be a homomorphism of abelian groups given by the matrix
Then X 1 is the quotient of C 4 by the natural action of
If we put C 4 = Spec C[p, q, r, s], then the coordinate ring R of X 1 is given by
The derived category of coherent sheaves on any crepant resolution of X 1 is known to be equivalent to the derived category of finitely-generated right 
Theorem 1 holds in this case.
The general case
Consider the lattice parallelogram ∆ = P T (∆ 1 ) defined by an integer matrix P ∈ M 2 (Z) satisfying det P > 0. P T defines a map T = (R/Z) 2 → T, whose kernel will be denoted by A. For i = 1, 2, let π i be the composition of the i-th projection T → R/Z with the natural inclusion
viewed as an irreducible representation of A.
The toric variety X associated to ∆ is the quotient of C 4 by the natural action of Ker
defined in (2) . One has an exact sequence
which splits by
Recall that the coordinate ring of the affine toric variety X 1 associated to ∆ 1 is given by
where x = pq, y = rs, z = ps, w = qr.
By the above splitting, A ∼ = Ker(P T ⊕ id) ⊗ C × acts on C[p, q, r, s] so that p, q, r, and s transform as the irreducible representations π 1 ⊗ π 2 , π ⊗(−1) 1 , the trivial representation, and π ⊗(−1) 2 respectively. Therefore, x, y, z, and w transform as π 2 , π ⊗(−1) 2 , π 1 , and π ⊗(−1) 1 respectively. Since the crossed product algebra
gives a non-commutative crepant resolution of the invariant ring R A in the sense of Van den Bergh [15] , the derived category of coherent sheaves on any projective crepant resolution of Spec R A is equivalent to the derived category of finitely-generated right B-modules [4, 5] . It is easy to see that B is isomorphic to the path algebra P/I with relations of the quiver obtained from ∆ by the algorithm of Hanany and Vegh.
6 Homological mirror symmetry for orbifolds of P 1 × P 1
We discuss the homological mirror symmetry [8, 9] for orbifolds of P 1 × P 1 by finite subgroups of (C × ) 2 in this section. We start by reviewing the homological mirror symmetry for P 1 × P 1 due to Seidel [11] from an alga point of view. On the complex side, the derived category D b coh P 1 × P 1 of coherent sheaves on P 1 × P 1 has a full strong exceptional collection
consisting of line bundles, where O(i, j) = O P 1 (i) ⊠ O P 1 (j) denotes the exterior tensor product of the i-th and j-th tensor powers of the hyperplane bundle on P 1 for i, j ∈ Z. Hence D b coh P 1 × P 1 is equivalent to the derived category D b mod B → 2 of finite-dimensional right B → 2 -modules by Bondal [3] , where B → 2 is the total morphism algebra
End(E i , E j ) of the full strong exceptional collection in (3). On the symplectic side, let
be a Laurent polynomial whose Newton polygon is given by Note that the fibers of W 2 are affine elliptic curves, and the restriction of Ω gives a holomorphic volume form which can be extended to its smooth compactification.
The directed Fukaya category Fuk → W 2 of W 2 is an A ∞ -category such that
• the set of objects is a distinguished basis (C i ) N i=1 of vanishing cycles, and
• the space of morphisms hom(C i , C j ) is the Lagrangian intersection Floer complex for i < j, spanned by the identity for i = j, and zero for i > j.
By Seidel [10] , its derived category D b Fuk → W 2 does not depend on the choice of a distinguished basis of vanishing cycles. The homological mirror symmetry of Kontsevich [8, 9] in this case predicts the existence of an equivalence
and is proved by Seidel [11] . We give a description of Fuk → W 2 using the alga of W 2 below, providing an alternative proof of the homological mirror symmetry for P 1 × P 1 which can be generalized to orbifolds of P 1 × P 1 by finite subgroups of (C × ) 2 . Figure 4 : The quiver for ∆ 2 Figure 3 and Figure 4 shows the alga Alg(∆ 2 ) = P −1 2 (Alg(∆ 1 )) of W 2 and the quiver obtained from ∆ 2 by the algorithm of Hanany and Vegh. W 2 has four critical points
whose critical values are
Note that the vertices v 1 , . . . , v 4 of the quiver in Figure 4 given by the centers of gravity of the alga complement coincide with the images of the critical points of W 2 by the argument map. The order (p 1 , p 2 , p 3 , p 4 ) on the set of critical values of W 2 is chosen so that the straight line segments c i from the origin to p i for i = 1, . . . , 4 form a distinguished basis of vanishing paths. For i = 1, . . . , 4, let C i ⊂ W −1 2 (0) be the vanishing cycle along c i . To describe C i explicitly, consider the map
for t ∈ C. The fiber of π t at general s ∈ C consists of four points, which is the product of the set of solutions of
with that of
The set of solutions of (4) degenerates when s = ±2 √ −1, whereas that of (5) does when s = ±2 + t. Hence W −1 2 (0) is obtained by gluing four copies U 1 , U 2 , U 3 , U 4 of the s-plane cut along four half lines I 1 , . . . , I 4 (see Figure 5 and Figure 6 ). Note that the argument map from W −1 2 (0) to T maps each copy U i of the s-plane for i = 1, . . . , 4 to U i in Figure 3 , and contracts four line segments I 1 , . . . , I 4 on the boundary of U i to four points. Now let us describe the vanishing cycles of W 2 . Take C 1 for example. Since the four branch points of π t are ±2 √ −1 and ±2 + t, they move as in Figure 7 as one varies t from 0 to p 1 = −2 − 2 √ −1 along c 1 . This shows that the image of the corresponding vanishing cycle C 1 by π 0 looks as in Figure 8 , which in turn shows that the vanishing cycle on W −1 2 (0) looks as in Figure  9 . Figure 10 shows the vanishing cycles C 1 , . . . , C 4 computed in this way. Figure 9 : The vanishing cycle C 1 One can equip these vanishing cycles with gradings so that the Maslov indices of the intersection points in C 1 ∩ C 2 , C 2 ∩ C 3 , and C 3 ∩ C 4 are 1. Then the Maslov indices of intersection points in C 1 ∩ C 4 are 2. As for the spin structures, we take the non-trivial ones. Then one can see that Fuk → W 2 is quasi-isomorphic to the full differential graded subcategory of the enhancement of D b (mod B → 2 ) consisting of simple B → 2 -modules as an A ∞ -category. This proves the homological mirror symmetry for P 1 × P 1 .
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Now consider the Laurent polynomial
W (x, y) = x p y q − x −p y −q + x r y s + x −r y −s whose Newton polygon is given by ∆ = P T (∆ 2 ), where P = p q r s .
Since W is the composition
with W 2 , the critical points and vanishing cycles of W are inverse images of those of W 2 by P ⊗ C × .
On the complex side, consider the orbifold (or the quotient stack) [P 1 × P 1 /A] of P 1 × P 1 by the action of A = Ker(P T ⊗ C × ) ⊂ (C × ) 2 such that Γ (O(1, 0) ) transforms as the direct sum of π 1 with the trivial representation and Γ(O(0, 1)) transforms as the direct sum of π 2 with the trivial representation. Here, π i : A → C × is the i-th projection from A ⊂ (C × ) 2 viewed as a one-dimensional representation of A for i = 1, 2. The derived category D b coh[P 1 × P 1 /A] of coherent sheaves on [P 1 × P 1 /A] is equivalent to the derived category D b coh A P 1 × P 1 of A-equivariant coherent sheaves on P 1 × P 1 by definition, which in turn is equivalent to the derived category D b mod B → 2 ⋊ C[A] of finite-dimensional right B → 2 ⋊ C[A]-modules. The set of simple B → 2 ⋊ C[A]-modules consists of S i ⊗ ρ, where S i for i = 1, . . . , 4 are simple B → 2 -modules and ρ runs over the set of irreducible representations of A. There exists an identification of these simple modules with vertices of the quiver obtained from ∆ = P T (∆ 2 ) by the algorithm of Hanany and Vegh such that
• the tensor product of S 4 with the trivial representation corresponds to one of P −1 (v 1 ),
• the targets of two arrows from the vertex corresponding to S 4 ⊗ ρ in the directions of P −1 1 0 and P −1 −1 0 correspond to S 3 ⊗ ρ ⊗ π 1 and S 3 ⊗ ρ respectively,
• the targets of two arrows from the vertex corresponding to S 3 ⊗ ρ in the directions of P −1 0 1 and P −1 0 −1 correspond to S 2 ⊗ ρ ⊗ π 2 and S 2 ⊗ ρ respectively, and
• the targets of two arrows from the vertex corresponding to S 2 ⊗ ρ in the directions of P −1 1 0 and P −1 −1 0 correspond to S 1 ⊗ ρ ⊗ π 1 and S 1 ⊗ ρ respectively.
Although one has an ambiguity in the choice of the vertex corresponding to the tensor product of S 4 with the trivial representation, any choice will do. Since there is a natural bijection between the set of vertices of the quiver and a distinguished basis of vanishing cycles, this allows us to identify simple B → 2 ⋊ C[A]-modules with objects of Fuk → W . Then one can check that this identification can be lifted to an equivalence
